We denote by H d,g,r the Hilbert scheme of smooth curves, which is the union of components whose general point corresponds to a smooth irreducible and non-degenerate curve of degree d and genus g in P r . We let H L d,g,r be the union of those components of H d,g,r whose general element is linearly normal. In this article, we show that any non-empty H L d,g,r (d ≥ g + r − 3) is irreducible in an extensive range of the triple (d, g, r) beyond the Brill-Noether range. This establishes the validity of a certain modified version of an assertion of Severi regarding the irreducibility of the Hilbert scheme H L d,g,r of linearly normal curves for g + r − 3 ≤ d ≤ g + r, r ≥ 5, and g ≥ 2r + 3 if d = g + r − 3.
An overview, preliminaries and basic set-up
Given non-negative integers d, g and r ≥ 3, let H d,g,r be the Hilbert scheme of smooth curves parametrizing smooth irreducible and non-degenerate curves of degree d and genus g in P r . After Severi asserted with an incomplete proof that H d,g,r is irreducible for d ≥ g + r in [18] , the irreducibility of H d,g,r has been studied by several authors. Ein proved Severi's claim for r = 3 & r = 4; cf. [7, Theorem 4] and [8, Theorem 7] .
For families of curves of lower degrees in P 3 , there are several works due to many people. The most updated result is that any non-empty H d,g,3 is irreducible for every d ≥ g; cf. [ [16] .
For families of curves in P 4 of lower degree d ≤ g + 3, Hristo Iliev proved the irreducibility of H d,g,4 for d = g + 3, g ≥ 5 and d = g + 2, g ≥ 11; cf. [12] . Quite recently, there has been a minor extension of the result of Hristo Iliev regarding the irreducibility of H g+2,g,4 for low genus cases; i.e. H g+2,g,4
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is irreducible and generically reduced for any genus g as long as H g+2,g,4 is non-empty; cf. [17, Corollary 2.2] .
On the other hand, there has been an attempt to look at the irreducibility problem for the Hilbert scheme of smooth curves with a different perspective. As a matter of fact, there are several sources in the literature suggesting that what Severi indeed had in mind in his original assertion regarding the irreducibility of H d,g,r might have been the following statement, which one may call the Modified Assertion of Severi; cf. [6, page 489] or AMS Mathematical Reviews MR1221726(95a:14026).
Modified Assertion of Severi. A nonempty H L d,g,r is irreducible for any triple (d, g, r) in the Brill-Noether range ρ(d, g, r) := g −(r+1)(g −d+r) ≥ 0, where H L d,g,r is the union of those components of H d,g,r whose general element is linearly normal.
Reflecting such a slightly different point of view, the authors in [14] showed that every non-empty H L g+1,g,4 is irreducible unless g = 9; cf. [ Maintaining the same spirit and following the same line of ideas adopted in [14] , the purpose of this article is to extend the result obtained in [14] to the case r ≥ 5.
The organization of this paper is as follows. After we briefly mention and recall several basic preliminaries in the remainder of this section, we start the next section by proving the irreducibility of H L g+r,g,r and H L g+r−1,g,r which are relatively easy to verify. We then proceed to show the irreducibility of H L g+r−2,g,r for every possible triple (g + r − 2, g, r) as long as the corresponding Hilbert scheme of linearly normal curves H L g+r−2,g,r is non-empty; Theorem 2.3. In the last part of the next section we prove the irreducibility of H L g+r−3,g,r under the mild restriction g ≥ 2r + 3; Theorem 2.5. In the course of the proof we characterize the residual series with respect to the canonical series of the complete linear series corresponding to the linearly normal curves under consideration. We use the irreducibility of the Severi variety of plane curves in the final stage of the proof of Theorem 2.5; cf. [1] and [11] .
For notation and conventions, we usually follow those in [2] and [3] ; e.g. π(d, r) is the maximal possible arithmetic genus of an irreducible and non-degenerate curve of degree d in P r . Throughout we work over the field of complex numbers.
Before proceeding, we recall several related results which are rather wellknown; cf. [3] . Let M g be the moduli space of smooth curves of genus g. For any given isomorphism class [C] ∈ M g corresponding to a smooth irreducible curve C, there exist a neighborhood U ⊂ M g of the class [C] and a smooth connected variety M which is a finite ramified covering h : M → U , as well as varieties C, W r d and G r d proper over M with the following properties: (1) ξ : C → M is a universal curve, i.e. for every p ∈ M, ξ −1 (p) is a smooth curve of genus g whose isomorphism class is h(p),
(2) W r d parametrizes the pairs (p, L) where L is a line bundle of degree d and h 0 (L) ≥ r + 1 on ξ −1 (p), (3) G r d parametrizes the couples (p, D), where D is possibly an incomplete linear series of degree d and dimension r on ξ −1 (p) -which is usually denoted by g r d .
Let G ( G L resp.) be the union of components of G r d whose general element (p, D) of G ( G L resp.) corresponds to a very ample (very ample and complete resp.) linear series D on the curve C = ξ −1 (p). Note that an open subset of H d,g,r consisting of points corresponding to smooth irreducible and nondegenerate curves is a PGL(r + 1)-bundle over an open subset of G. Hence the irreducibility of G guarantees the irreducibility of H d,g,r . Likewise, the irreducibility of G L ensures the irreducibility of H L d,g,r . We also make a note of the following well-known facts regarding the schemes G 
(2) Suppose g > 0 and let X be a component of G 2 d whose general element (p, D) is such that D is a birationally very ample linear series on ξ −1 (p). Then dim X = 3g − 3 + ρ(d, g, 2) = 3d + g − 9.
(3) G 1 d is smooth and irreducible of dimension λ(d, g, 1) if g > 1, d ≥ 2 and d ≤ g + 1. We recall that the family of plane curves of degree d in P 2 are naturally parametrised by the projective space P N , N = d(d+3) 2 . Let Σ d,g ⊂ P N be the Severi variety of plane curves of degree d and geometric genus g. We also recall that a general point of Σ d,g corresponds to an irreducible plane curve of degree d having δ := (d−1)(d−2) 2 − g nodes and no other singularities. The following theorem of Harris is fundamental; cf. [ 
Denoting by G ′ ⊂ G 2 d the union of components whose general element (p, D) is such that D is birationally very ample on C = ξ −1 (p), we remark that an open subset of the Severi variety Σ d,g is a PGL(3)-bundle over an open subset of G ′ . Therefore, as an immediate consequence of Theorem 1.3, the irreducibility of Σ d,g implies the irreducibility of the locus G ′ ⊂ G 2 d and vice versa. We make a note of this observation as the following lemma.
d be the union of components whose general element (p, D) is such that D is birationally very ample on C = ξ −1 (p). Then G ′ is irreducible.
We will utilize the following upper bound of the dimension of an irreducible component of W r d , which was proved and used effectively in [12] . 
Needless to say, in case d ≥ g + r + 1 there is no complete linear system of degree d and dimension r by the Riemann-Roch formula. Therefore in this range we have H L d,g,r = ∅ and the Modified Assertion of Severi makes sense only if g − d + r ≥ 0. The first object to be considered is H L g+r,g,r whose irreducibility is quite obvious. We also recall that any other possible component H of H d,g,r consists of curves in P r whose hyperplane series is special. In the case d = g + r, a curve which is embedded in P r by a special linear series is not linearly normal. Therefore it follows that the only component of H L g+r,g,r is the principal component.
Theorem 2.2. H L
g+r−1,g,r is irreducible for g ≥ r + 1 and is empty for g ≤ r.
Proof. Let G ⊂ G L ⊂ G ⊂ G r g+r−1 be an irreducible component whose general element (p, D) is a very ample and complete linear series D on the curve C = ξ −1 (p). For a general (p, D) ∈ G, the residual series |K C − D| = g 0 g−r−1 is an effective divisor of degree g−r−1. Conversely, a linear series on any nonhyperelliptic curve C which is of the form |K C −p 1 −· · ·−p g−r−1 | for a general effective divisor p 1 + · · · + p g−r−1 ∈ C g−r−1 is a complete and very ample g r g+r−1 . Therefore one may easily deduce that G L is birational to the locus G 0 g−r−1 which is irreducible and so is H L g+r−1,g,r which is a PGL(r +1)-bundle over an open subset of G L . By the Castelnuovo genus bound, H L g+r−1,g,r = ∅ for g ≤ r.
Proof. We first estimate the dimension of a component G ⊂ G L ⊂ G ⊂ G r g+r−2 . By Propostion 1.1 (1), we have λ(g + r − 2, g, r) = 3g − 3 + ρ(g + r − 2, g, r) = 4g − 2r − 5 ≤ dim G.
Note that r = h 0 (C, |D|)−1 for a general (p, D) ∈ G. Let W ⊂ W r g+r−2 be the component containing the image of the natural rational map G ι W r g+r−2 with ι(D) = |D|. Since dim G ≤ dim W, it follows by Proposition 1.5 (1) that
and hence dim G = dim W = λ(g + r − 2, g, r) = 4g − 2r − 5.
We let W ∨ ⊂ W 1 g−r be the locus consisting of the residual series (with respect to the canonical series on the corresponding curve) of those elements in W, i.e. W ∨ = {(p, ω C ⊗ L −1 ) : (p, L) ∈ W}. We also let W ∨ be the union of the components W ∨ of W 1 g−r . By our previous dimension count (1), dim W ∨ = dim W = dim G = 4g − 2r − 5 = λ(g − r, g, 1) = dim G 1 g−r .
(2)
Since a general element of any component W ∨ ⊂ W ∨ ⊂ W 1 g−r is a complete pencil by our setting, there is a natural rational map W ∨ κ G 1 g−r with κ(|E|) = E which is clearly injective on an open subset W ∨o of W ∨ consisting of those which are complete pencils. Therefore the rational map κ is dominant by (2) . We also note that there is another natural rational map G 1 g−r ι W ∨ with ι(E) = |E|, which is an inverse to κ (wherever it is defined). Therefore it follows that W ∨ is birationally equivalent to the irreducible locus G 1 g−r (cf. Proposition 1.1(3) ), hence W ∨ is irreducible and so is G L . Since H L g+r−2,g,r is a PGL(r + 1)-bundle over an open subset of G L , H L g+r−2,g,r is irreducible.
Remark 2.4. (i) H L g+r−2,g,r = ∅ for g ≤ r + 2, r ≥ 3 by the Castelnuovo genus bound.
(ii) For g = r + 3, a curve of degree d = g + r − 2 = 2r + 1 and genus g in P r is an extremal curve, which is clearly linearly normal. Hence H L 2r+1,r+3,r = H 2r+1,r+3,r = ∅ and is irreducible by [5, Theorem 1.4(i)] or by our Theorem 2.3.
(iii) In the Brill-Noether range ρ(g+r−2, g, r) = g−2(r+1) ≥ 0, H L g+r−2,g,r = ∅; cf. Remark 1.2 (2) .
(iv) Even outside the Brill-Noether range, e.g. g = 2r or g = 2r + 1, we have H L g+r−2,g,r = ∅ which is irreducible of the expected dimension. By [4, Corollary 1.3, Remark 1.5], for every triple (d, g, r) in the range
there is a certain reducible curve C 0 ⊂ P r of degree d and (arithmetic) genus g such that h 1 (N C0 ) = 0 and C 0 is smoothable. We note that g = 2r (2r + 1 resp.) with d = g + r − 2 = 3r − 2 (3r − 1 resp.) is in the above range. Therefore a component H of H d,g,r containing the reducible curve C 0 exists which is of the expected dimension. Furthermore it can be shown that h 0 (C 0 , O C0 (1)) = r + 1 and hence by semi-continuity a general element of H is linearly normal so that H L g+r−2,g,r = ∅ which is irreducible by our Theorem 2.3. Proof. We also need to estimate the dimension of a component G ⊂ G L ⊂ G ⊂ G r g+r−3 . By Proposition 1.1 (1), we have λ(g + r − 3, g, r) = 3g − 3 + ρ(g + r − 3, g, r) = 4g − 3r − 6 ≤ dim G. 
implying g ≤ 2r + 2 contrary to our assumption g ≥ 2r + 3. Therefore we conclude that a general element of W ∨ is either very ample or birationally very ample. (c) Therefore the moving part of a general element of W ∨ ⊂ W 2 g−r+1 is birationally very ample and we let b be the degree of the base locus B of a general element of W ∨ . By Proposition 1.5(b), we have
Retaining the same notation as in the proof of Theorem 2.3, let G L be the union of irreducible component G of G r g+r−3 whose general element corresponds to a pair (p, D) such that D is very ample and complete linear series on C := ξ −1 (p). Let W ∨ be the union of the components W ∨ of W 2 g−r+1 , where W ∨ consists of the residual series of elements in G ⊂G L . We also let G ′ be the union of irreducible components of G 2 g−r+1 whose general element is a birationally very ample and base-point-free linear series. We recall that, by Lemma 1.4 and Proposition 1.1(2), G ′ is irreducible and dim G ′ = 3(g − r + 1) + g − 9 = 4g − 3r − 6. By the equality (4),
Since a general element of any component W ∨ ⊂ W ∨ ⊂ W 2 g−r+1 is a basepoint-free, birationally very ample and complete net, there is a natural rational map W ∨ κ G ′ with κ(|E|) = E which is clearly injective on an open subset W ∨o of W ∨ consisting of those which are base-point-free, birationally very ample and complete nets. Therefore the rational map κ is dominant by (5) . We also note that there is a natural rational map G ′ ι W ∨ with ι(E) = |E|, which is an inverse to κ (wherever it is defined). Therefore it follows that W ∨ is birationally equivalent to the irreducible locus G ′ , hence W ∨ is irreducible and so is G L . Since H L g+r−3,g,r is a PGL(r + 1)-bundle over an open subset of G L , H L g+r−3,g,r is irreducible. (ii) For the next low genus g with respect to the dimension of the ambient projective space P r -say g = r + 5 -the Hilbert scheme of linearly normal curves H L g+r−3,g,r = H L 2r+2,r+5,r is reducible only when r = 4, 5. Indeed, a curve of genus g = r +5 and degree d = g +r −3 = 2r +2 in P r (r ≥ 4) is an extremal curve. The case r = 4, g = 9, d = 10 was treated in [14, Theorem 2.2] , in which case the corresponding Hilbert scheme of linearly normal curves has two components of different dimensions. For r = 5, g = 10 and d = 12 the corresponding Hilbert scheme H L 12,10,5 of linearly normal curves is reducible with two components; cf. [ Example 2.7. The restriction we imposed on the genus g ≥ 2r + 3 in Theorem 2.5 is rather optimal and cannot be eased in general as the following example indicates. Recall that the restriction was used in two places in the proof of Theorem 2.5; (a) when a general element of W ∨ is compounded and (b) when the moving part of a general element of W ∨ is very ample. For the sake of simplicity, let's take r = 5, g = 2r + 2 = 12 and d = g + r − 3 = 14.
(a) If general element E of W ∨ ⊂ W 2 8 is compounded, one of the following may occur:
(1) C is trigonal and E = 2g 1 3 + ∆, where ∆ is the base locus of E. . In the first three cases (1), (2), (3), one may easily argue that the residual series D = |K C − E| is not very ample. For example if C is trigonal, we take the residual series D of E = |2g 1 3 
3 . In the case (2), we note that dim |E + φ * (p)| = dim |φ * (g 2 3 ) + ∆ + φ * (p)| = dim |φ * (g 3 4 ) + ∆| ≥ 3 hence D = |K C − E| is not very ample. The case (3) is similar.
In the case (4), we have a natural rational map W W ∨ X 2,3 , where X n,γ denotes the locus in M g corresponding to curves which are n-fold coverings of smooth curves of genus γ. By applying Accola-Griffiths-Harris theorem [10, page 73] to a general fiber of the above rational map together with Riemann's moduli count dim X n,γ ≤ 2g + (2n − 3)(1 − γ) − 2, one has dim W ≤ dim X 2,3 + 2d − g − 3r + 1 ≤ (2g − 4) + 2d − g − 3r + 1 = g + 2d − 3r − 3, contrary to dim W ≥ λ(d, g, r).
In the case (5) when C is 4-gonal with E = 2g 1 4 , one has a generically injective rational map W W ∨ M 1 g,4 and hence dim W ≤ dim M 1 g,4 = 2g + 3. Therefore we may conclude that dim G = dim W = λ(d, g, r) = 2g+3 in which case one may use the irreducibility of M 1 g,4 instead of the irreducibility of the Severi variety.
(b) It is clear that the case when the moving part of a general element of W ∨ ⊂ W 2 8 is very ample does not occur just because there is no smooth plane curve of genus 12 = 2r + 2.
In all, we have the following two possibilites:
(i) For general (p, D) ∈ G, |K C − D| = E = 2g 1 4 . (ii) For a general (p, D) ∈ G, |K C − D| = E = g 2 8 is base-point-free and birationally very ample.
By the irreducibility of M 1 g,4 and the Severi variety Σ 14, 12 we see that there are exactly two components H 1 and H 2 of H L 14,12,5 corresponding to the possibilities (i) and (ii). It is also clear that H 1 = H 2 by semi-continuity and dim H 1 = dim H 2 = λ(14, 12, 5) + dim PGL (6) .
